The average inter-wire spacing in aligned nanowire systems strongly influences both the physical and transport properties of the bulk material. Because most studies assume that the nanowire coordination is constant, a model that provides an analytical relationship between the average inter-wire spacings and measurable physical properties, such as nanowire volume fraction, is necessary. Here we report a continuous coordination number model with an analytical relationship between the average nanowire coordination, diameter, and volume fraction. The model is applied to vertically aligned carbon nanotube (VACNT) and nanofiber (VACNF) arrays, and the effective nanowire coordination number is established from easily accessible measures, such as the nanowire spacing and diameter. VACNT analysis shows that the coordination number increases with increasing nanowire volume fraction, leading the measured inter-CNT spacing values to deviate by as much as 13% from the spacing values predicted by the typically assumed hexagonal packing. VACNF analysis suggests that, by predicting an inter-fiber spacing that is within 6% of the reported value, the continuous coordination model outperforms both square and hexagonal packing in real nanowire arrays. Using this model, the average interwire spacing of nanowire arrays can be predicted, thus allowing more precise morphology descriptions, and thereby supporting the development of more accurate structure-property models of bulk materials comprised of aligned nanowires.
Introduction
The exceptional electrical, [1] [2] [3] [4] thermal, 5, 6 and mechanical properties [7] [8] [9] of nanowires have prompted their development for use in high value macroscopic structures such as microprocessors, 10 medical devices, 11, 12 energy storage devices, 13 and nanowire array composites. 14 Due to the strong influence of nanowire proximity effects on the mechanical, thermal, electrical, and mass transport properties of macroscopic structures composed of aligned nanowires, the inter-wire spacing, a function of the nanowire coordination number, is very important. But in most cases, the nanowire coordination number is either assumed 15, 16 or neglected 16, 17 altogether. This stems from the lack of an accessible theoretical model that can quantify the average spacing of nanowires with a diameter in the single nanometer length scale, where the minimum allowable spacing is on the order of a few angstroms. In principle, existing models for random packing of circles in a plane for millimeter length scale systems [18] [19] [20] can be extended to the nano scale, thereby allowing the extraction of the average inter-wire spacing through the def-inition of two dimensional nanowire lattices, and the subsequent calculation of the average two dimensional nanowire nearest neighbor coordination number. Here we report a method for extracting the average coordination number and inter-wire spacing of nanowires in aligned nanowire arrays of varying volume fraction. We find that the average coordination number of the nanowires is not constant, and varies with the nanowire volume fraction.
The development of a continuous model for the average inter-wire spacing of nanowires in a nanowire array was possible through the application of the theoretical model to exemplary systems of nanowires, which included Carbon Nanotubes (CNTs), and Carbon Nanofibers (CNFs). Due to their phenomenal physical [21] [22] [23] and transport [24] [25] [26] [27] [28] [29] properties, as well as their well-documented use in macroscopic materials, both in forest 15, 16, [30] [31] [32] [33] [34] and nanocomposite 16, 17, [35] [36] [37] forms, arrays of vertically aligned CNTs (VACNTs) were selected to act as the reference system for the continuous coordination model. Arrays of bamboo-like vertically aligned CNFs (VACNFs) are studied to demonstrate how the model can be applied to predict the average spacing of virtually any aligned nanowire system, using welldocumented measures of morphology, [38] [39] [40] [41] [42] and to compare to a previously reported average inter-fiber spacing study. 42 Since nanowire arrays are inherently wavy, the effect of nanowire waviness on the predicted average inter-wire spacing is discussed, and a method for waviness correction is presented. By applying this continuous coordination model to nanowire systems, more precise morphology quantification of nanowire arrays is possible, which could lead to better material property prediction for macroscopic architectures composed of aligned nanowires. Using this knowledge, better materials solutions for aerospace, energy, microelectronic, and healthcare applications can be designed and manufactured.
Model Development

Coordination Number Relations
To assess the nearest coordination of the underlying nanowires, the following unit cells as a function of the two dimensional nanowire coordination number (N) are defined (see Fig. 1 for their illustration): triangular (N = 3), square (N = 4), pentagonal (N = 5), and hexagonal (N = 6). Since the triangular coordination corresponds to hexagonal coordination with missing nanowires (vacancies), to avoid the accidental definition of hexagonal coordination, the triangular coordination must be limited to a scarce number of unit cells, and is therefore only justified at low nanowire volume fractions.
Using these coordinations, the underlying triangles that make up each unit cell in Fig. 1 can be defined (see Fig. S1 in the ESI † for details). These constitutive triangles are important because they can be packed to form both complete and incomplete (interpenetrating) arrays of different unit cells, while still remaining within the theoretical framework defined in this report. This is a more realistic approximation of amorphous materials than simply tiling the full unit cells presented in Fig. 1 . Also, using these constitutive triangles, the maximum volume fraction for each lattice can be calculated. The volume fraction (V f ) and theoretical maximum volume fraction (V max f ) for each coordination can be calculated using the following equations:
Where A is the area of the triangle, D is the diameter of the nanowires, P N = D + S N where S N is the unit cell inter-wire spacing, and N is the coordination number. See Table S1 in the ESI † for the expanded forms of A , N (P N ), and V f , N (D, P N ) for each coordination. S N , and the lattice constant spacing, defined as L N , are also shown in Fig. 1 .
Next the inter-wire spacing, S N is calculated for each coordination. To do so, Eq. 1 is solved for S N , and the result is substituted into Eq. 2 yielding the following equation for S N :
The lattice constant spacing, L N , must also be considered before the average inter-wire spacing for each coordination can be derived. Using the constitutive triangles for each coordination, shown in Fig. S1 in the ESI, † lattice constants, defined as a N , for each coordination can be calculated as a function of D taking the following form:
Where χ N is 1 for hexagonal and > 1 for the other coordinations. a N (D,V f ) and χ N for each coordination are shown in Table S2 in the ESI. † Next, L N is calculated, and takes the following form:
Defining the average inter-wire spacing,Γ N , as the average a N and L N yields:
The full form of Γ N (D,V f ) for each coordination is shown in Table S2 of the ESI. † One of the purposes of this model is to quantify a nanowire array's deviation from that of an ideally (hexagonally) packed nanowire array. To illustrate this deviation, all average spacing equations are re-written as a function of the theoretical maximum volume fraction for hexagonal close packing in two dimensions, V max f ,6 = 90.69%. V max f , 6 should not be confused with the maximum volume fraction for hexagonal close packing of monodisperse spheres in three dimensions, V max f ,6 (spheres) =
≈ 74.05%, which was proven by C.F. Gauss to have the highest packing density of any spherical lattice in three dimensions 43 . The simplified Γ N functions take the general form of:
Where δ N is interpreted as a deviation factor from the ideal (hexagonal) nanowire packing that has the following values:
The exact values of δ N for each coordination can be found in Table S3 in the ESI. † To turn this series of discrete values into a continuous function of N, the values of the δ N were plotted and fitted with a power function of the following form:
Where the fitting coefficients are (R 2 = 0.9999): a 1 = 11.77, b 1 = −3.042, c 1 = 0.9496. A plot of the values of δ N and the fitting can be found in Fig. S2 in the ESI. †, and the expanded form of the average inter-wire spacing using Eq. 8 can be found in Eq. S1 in the ESI. † By using Eq. S1 from the ESI, † a continuous coordination number as a function of average spacing, volume fraction, and nanowire diameter can be defined:
3.042 (9) Using this equation for the coordination number, experimentally determined values for the average spacing, nanowire diameter, and volume fraction can be used to calculate a relationship between the coordination number and the volume fraction, thereby allowing the definition of an equation for the average spacing that is only a function of volume fraction and nanowire diameter, both of which are relatively simple to determine experimentally.
Application to Real Aligned Nanowire Arrays
To apply this model to real aligned nanowire arrays, the physically limited minimum inter-wire spacing must be considered. For Carbon nanowires (such as CNTs and CNFs), graphitic spacing of 0.34 nm 15 can be used as the real lower bound on the spacing, S LB , in the nanowire array. By using the nanowire diameter, D, the real upper bound of the volume fraction (V UB f ) for each coordination can be evaluated. Using hexagonal coordination (N = 6 from Eq. 2), V UB f for any aligned nanowire system can be calculated as follows:
The resulting V UB f values for the 8 nm diameter CNTs used in this report is 83.45 volume %. To apply this model to noncarbon based nanowire arrays, a different S LB would need to be selected, resulting in different V UB f values for nanowire arrays of the same diameter but different composition.
Experimental
Here we use the results of the continuous coordination model to investigate the average coordination of a system of nanowires composed of synthesized in-house, 8 nm diameter VACNTs.
Aligned CNT Array Synthesis
Aligned multiwalled CNT (MWCNT) forests were grown in a 22 mm internal diameter quartz tube furnace at atmospheric pressure via a previously described thermal catalytic chemical vapor deposition (CVD) process using ethylene as the carbon source. 17, [35] [36] [37] CNT growth takes place at a nominal temperature of 750 • C, with an average growth rate of ∼ 2 µm s . 17, 35 CNT arrays were grown on 1 × 1 cm 2 Si substrates with a catalytic layer composed of 1 nm Fe/10 nm Al 2 O 3 deposited by electron beam deposition, forming vertically aligned, 1.0 volume % dense, 8 nm diameter, millimeter length scale MWCNT arrays. 17, 35, 36 As grown (1.0 volume %) CNT forests are then delaminated from the Si substrate using a standard lab razor blade, and densified using biaxial mechanical densification to the desired CNT volume fraction (up to 20.0 volume %) 16 . 
High Resolution Scanning Electron Microscopy and Image Analysis
To generate representative micrographs of the surface morphology of the CNT forests, HRSEM analysis was performed using a JEOL 6700 cold field-emission gun scanning electron microscope (FEGSEM) using secondary electron imaging (SEI) at an accelerating voltage ranging from 1.0 to 1.5 kV with a working distance of 3.0 mm. CNT forests were imaged in the middle of the sample cross-section to avoid the edge effects that result from the delamination (on the bottom) and growth termination (on the top) of the CNT forests.
To determine the average spacing of the CNTs, lines were drawn perpendicular to the alignment of the CNT on HRSEM micrographs, and the number of CNTs per unit of line length was approximated by using the following algorithms tailored to forests of varying CNT volume fractions: for 1.0 and 6.0 volume % forests only the bright in-focus CNTs were counted as 1, and other CNTs were neglected; for 10.6 and 20.0 volume % forests, all individually distinguished CNTs were counted, and bright bundles of CNTs were counted as 2 CNTs. While this methodology is less rigorous than that found elsewhere 44, 45 and could potentially lead to over or underestimation, it is sufficient to demonstrate the use of the theoretical spacing model, and illustrates the difficulty of using imaging to empirically determine the average spacing in such a system. Also, because HRSEM images of the CNT forests are projections of a three dimensional system onto a plane, a correction factor for the depth lost in the projection process is necessary. To derive the correction factor, the escape depth of secondary electrons, defined as the depth above which no secondary electron can escape the material, must be considered. Typical escape depths of secondary electrons are on the order of 1 − 10 nm, where 1 nm is a reasonable order of magnitude for the escape depth of secondary electrons in conducting materials. 46 To calculate the corrected average inter-CNT spacings (Γ N ) and N, the average inter-CNT spacings calculated from the HRSEM images, Γ SEM , was corrected using a 1 nm secondary electron escape depth, SE e . See Eq. S2 in the ESI † for details. A selection of the HRSEM micrographs used in the average spacing analysis can be found in Fig. 2 .
Results and Discussion
Here we use the experimentally determined average inter-CNT spacing calculated from HRSEM micrographs (see were used to determine the average inter-CNT spacing in Fig. 3 ) to examine the effect of varying CNT volume fractions on the coordination number of the system. The continuous coordination model is then applied to a VACNF system, and its predictions are compared to common constant coordination models, namely square (N = 4) and hexagonal (N = 6) packing. Finally, the influence of nanowire waviness on the model, and a way for its inclusion in the future, are presented.
VACNT Experimental Results
Average inter-CNT spacing data for samples with CNT volume fractions ranging from 1.0 to 20.0 volume % were calculated from 25 HRSEM micrographs, and corrected for the loss of three dimensional depth information using Eq. S2 from the ESI. † A plot of the average inter-CNT spacing can be found in Fig. 3 . At 1.0 volume % CNTs, the value of Γ N is 79.47 ± 7.79 nm, resulting in a N value of 3.83, illustrating that square packing would likely underpredict the average inter-CNT spacing at low CNT volume fractions. Samples with 6.0 volume % CNT yielded a Γ N value of 26.95 ± 2.26 nm, which result in a N value of 4.00, thereby indicating that the coordination number of the CNT array increases as a function of CNT volume fraction, and that square packing might be appropriate for CNT volume fractions around 5 volume %. With Γ N and N values of 17.24 ± 0.97 nm and 4.41, and 10.28 ± 0.52 nm and 4.47, samples with CNT volume fractions of 10.6 and 20.0 volume % continue to demonstrate that the two dimensional nanowire coordination number increases as a function of CNT volume fraction, though not necessarily in a linear fashion, and that the as- Table 1 Measured and corrected average inter-CNT spacing, and coordination numbers for all CNT volume fractions. Table 1 .
In their paper, T.I. Quickenden and G.K. Tan reported that the coordination number of a system of uniform millimeter length scale disks, defined as the number of disks that made contact with a central disk, increased in an approximately linear fashion from a disk packing fraction of 10 volume % up to a packing fraction of 83 volume %. 19 Beyond 83 volume %, the coordination number of the system was observed to increase in a nonlinear fashion until reaching, and plateauing, at a coordination number value of 6.0. 19 Since V UB f of the CNTs in the array is 83.4 volume % CNTs, the shape of the fit applied to the data should be approximately linear from V f = 10 volume % CNTs up to V f = 20 volume % CNTs, and should remain linear until a much higher V f . Since previously reported data at V f < 10 volume % 19 and experimental CNT data at V f > 20 volume % is not available, we propose extending the linear fit in these regimes and using V UB f (83.4, 6) as a data point, which will most likely lead to significant errors at very high, and very low CNT volume fractions, where the data may not be linear, but should yield a more realistic slope for the range of available data (1.0 volume % ≤ V f ≤ 20 volume %). The fitting equation takes the following form:
Using this functional form, the data along with V UB f were fitted, and resulted in the following coefficients (R 2 = 0.9761): a 2 = 2.511, b 2 = 3.932. See Fig. 4 for a plot of the empirical N data, V UB f , and the linear fitting function. By combining Eqs. 9−11, and S2 from the ESI, † the N dependence of Γ N can be removed, yielding the final form of the corrected average inter-CNT spacing (Γ) for the VACNT example:
Since experimental data for average inter-CNT spacing for the entire physical range of CNT volume fraction (0−83 volume %) was not available, the accuracy of Eq. 12 for volume fractions above 20.0 volume % CNTs, and below 1.0 volume % CNTs is not known.
Application to VACNF Arrays
To test the applicability of the model to other nanowire systems of varying wire diameters, Eq. 12 was applied to a system of CNFs [38] [39] [40] [41] [42] with an average fiber diameter of 182±56 nm. 42 But before Eq. 12 can be used to predict the average spacing for the designated CNF array, 42 the CNF volume fraction must be computed. Using the given fiber density of 2.2 f ibers µm 2 and the given average fiber diameter of 182 nm. 42 the volume fraction is computed as 5.7 volume % CNFs, which yields a predicted average inter-CNF spacing of 625 nm. The reported (experimentally determined using HRSEM) average inter-CNF spacing for the system was 590 ± 200 nm, 42 meaning that the model over predicted the observed spacing by 5.9 %. Hexagonal and square packing predict an average inter-fiber spacing of 543 nm (−8.0%) and 632 nm (7.1%) respectively, suggesting that the continuous coordination model developed in this paper outperforms both of these common constant coordination models.
Using the evaluated CNF volume fraction, the reported average inter-CNF spacing, and assuming that the data provided was corrected for the depth information lost during the projection process (similar to Eq. S2 in the ESI †), N for the CNF system can be computed directly. The value of N for the reported CNF system, evaluated using Eq. 9, is 4.57, which exceeds the one calculated by Eq. 12 (4.16). The most likely reason why the predicted average inter-CNF spacing deviated from the one previously reported 42 is that the model assumes the CNFs in the array are collimated (their waviness is negligible). While the model could be better applied to VACNFs if average inter-CNF data was available for a variety of CNF volume fractions, the waviness of the CNFs is not easy to compensate for, and was intentionally not included in the theoretical derivation since nanowire waviness is not well understood, and cannot be modeled in a way that is universally applicable to all nanowire systems due to its strong dependence on synthesis and processing parameters. 
Waviness Correction
To transform the modeled nanowires from collimated to wavy nanowires, a correction term of the form Dψω, where ω is defined as the waviness ratio (the ratio of the waviness amplitude and its wavelength) previously proposed for modeling wavy nanowire reinforcement in a polymer matrix composite using a sinusoidal wave equation, 47, 48 and ψ is a scaling factor, may be included. Using a waviness correction factor, the general form of the average spacing equation can be written as follows:
If the waviness correction is not included in the model, the model predicted average inter-wire spacing will always overestimate the observed average inter-wire spacings in real nanowire arrays, since the effective diameter of the wavy nanowires, D e , will be larger than the nanowire diameter, D (D e = D in collimated nanowire arrays). An illustration of the distinction between wavy and collimated nanowires is provided in Fig. 5 . Therefore, before the average inter-wire spacings for wavy nanowires can be accurately predicted, a model that precisely quantifies the waviness of wavy nanowires must be developed. Since the model predicts average inter-wire spacings for collimated nanowires, where the nanowire diameter, D, is equal to the effective nanowire diameter, D e , the figure demonstrates that the model generated predictions will overestimate the spacing in wavy nanowire systems, where D e > D, until a model that precisely quantifies the waviness of wavy nanowires is developed.
Conclusions
In summary, a model that determines the average nanowire coordination number from the average nanowire inter-wire spacing, diameter and volume fraction is derived, and applied to 8 nm diameter VACNTs and 182 nm diameter VACNFs. By showing that the coordination number of nanowire arrays changes with the nanowire volume fraction, the model demonstrates that a continuous model of the coordination number is necessary, and that the common assumptions of constant and negligible nanowire coordinations may not be adequate. To extend the range of validity of the continuous coordination model, average inter-wire spacing data for nanowire arrays with nanowire volume fractions below 1.0 volume % and above 20.0 volume % is required. To explore the validity of the model on smaller diameter nanowire arrays, future studies should extend this model to single walled CNTs (SWNTs), but since SWNTs have the added complexity of roping, there may be two levels of morphology that must be modeled. Also, a volume averaging method, such as small angle x-ray scattering (SAXS), is necessary for the collection of better average inter-wire spacing data, since: 1) the collection of representative inter-wire spacing data using microscopy requires the analysis of many micrographs; 2) the employed counting algorithm for determining the average interwire spacing from HRSEM micrographs was prone to counting errors due to a lack of surface feature depth information, and resolution to distinguish individual CNTs in bundles. Finally, to allow the accurate prediction of average inter-wire spacings for nanowire system, a model that precisely quantifies the waviness of wavy nanowires is required. Once a waviness model is developed, and data below 1.0 volume % and above 20.0 volume % is available, this model could be used to accurately predict the average inter-wire spacing of many aligned nanowire systems at a broad range of nanowire volume fractions, a capability that will greatly benefit nano science. 
